It is well known that Euler's totient function φ satisfies the arithmetical equation (m, n) for all positive integers m and n, where (m, n) denotes the greatest common divisor of m and n. In this paper we consider this equation in a more general setting by characterizing the arithmetical functions f with f (1) = 0 which satisfy the arithmetical equation n) ) for all positive integers m, n with m, n ∈ A(mn), where A is a regular convolution and g is an A-multiplicative function. Euler's totient function φ A with respect to A is an example satisfying this equation.
Introduction
An arithmetical function f is said to be multiplicative if f (1) = 1 and f (mn) = f (m)f (n) for all positive integers m, n with (m, n) = 1, where (m, n) denotes the greatest common divisor of m and n. A multiplicative function f is said to be completely multiplicative if f (mn) = f (m)f (n) for all positive integers m, n. It is well known that Euler's totient function φ is multiplicative but not completely multiplicative. Thus φ is in a sense "between completely multiplicative and multiplicative functions". A well-known equation that reflects this property is given as
for all positive integers m, n, see e.g. [2, p. 28] . For all positive integers m, n with (m, n) = 1 this reduces to φ(mn) = φ(m)φ(n) showing that φ is multiplicative. Applying the formula
An interesting question is to characterize the arithmetical functions satisfying an identity of the type (1). We could characterize the arithmetical functions f with f (1) = 1 satisfying f (mn)f ((m, n)) = f (m)f (n)(m, n) for all m, n. It is however easy to consider a slightly more general problem, namely, to characterize the arithmetical functions f with f (1) = 1 satisfying
for all positive integers m, n, where g is a completely multiplicative function. In fact, Apostol and Zuckerman [3] have shown that an arithmetical function f with f (1) = 1 satisfies (2) if and only if f is multiplicative and
for all primes p and integers a ≥ b ≥ 1. We obtain a more illustrative result if we assume that f possesses Property O which is defined as follows. We say that an arithmetical function f satisfies Property O if for each prime p, f (p) = 0 implies f (p a ) = 0 for all a > 1. Then (2) is a characterization of totients. An arithmetical function f is said to be a totient if there are completely multiplicative functions f T and f V such that
where * denotes the Dirichlet convolution and f
is the inverse of f V under the Dirichlet convolution. The functions f T and f V are referred to as the integral and inverse part of f . Now we are in a position to present the promised characterization of totients (given in [8] ). An arithmetical function f is a totient if and only if f with f (1) = 1 satisfies Property O and there exists a completely multiplicative function g such that (2) holds. In this case f T = g.
It is well known that Euler's totient function φ can be written as
where N (n) = n and ζ(n) = 1 for all positive integers n and μ is the Möbius function. Thus φ is a totient in the sense of (4) with φ T = N and φ V = ζ. In this case (2) reduces to (1). Any arithmetical function f with f (1) = 1 and
for all positive integers m and n is a totient with
V . Dedekind's totient ψ defined as ψ = N * |μ| is another totient with this property, since |μ| = λ −1 , where |μ|(n) = |μ(n)| is the absolute value of the Möbius function and λ is Liouville's function, which is a completely multiplicative function such that λ(p) = −1 for all primes p. Thus Dedekind's totient ψ satisfies the arithmetical equation
